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is polynomially equivalent to a variety of vector spaces. 0 1984 Academic Press, Inc. 
1. INTRODUCTION 
Let (A,F) be a (universal) algebra, i.e., A a set and F a set of finitary 
operations on A. Denote by S the set of congruence classes of congruences 
of (A, E;). The pair (A, S) is then called the congruertce class geometry of 
(A, F), having A as set of points and the elements of S as subspaces (cf. [ 131, 
[ 121 and [ 81). For XC A, X # 0, denote the smallest subspace containing X 
by [Xl. If X is a 2-element set, the subspace [X] is called a line. A 
congruence class geometry is denoted linear if two of its lines never contain 
each other properly. Note that an algebra has a linear congruence class 
geometry if and only if two of its principal congruences never contain each 
other properly (cf. [8]). Therefore in this case the atoms of the congruence 
lattice are exactly the principal congruences. 
Let 7 be a variety of algebras, and let F be the type of Y, i.e., its set of 
fundamental operation symbols. Let each f E F simultaneously denote the 
associated fundamental operation in each algebra of 7. Therefore an 
algebra of Y with base set A will be denoted by (A, F). Analogously each 
term t of 7’-, built up from the operation symbols in F, will at the same time 
denote the associated algebraic operations of algebras of Y. 
A variety will be called linear if all its algebras have linear congruence 
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class geometries. Call an algebra discrete if all its fundamental operations 
are either projections or constants. Discrete algebras are trivial examples of 
algebras with linear congruence class geometries, as each of their lines 
consists of exactly two points. A variety is called discrete if all its algebras 
are discrete. Let Y be a vector space over some division ring K with vector 
addition +. Consider the algebra (V, +, K) having + as binary operation and 
all mappings of the form v FP kv(k E K) as unary operations. QV, +, 
a linear congruence class geometry, viz., the affine desarguesian geometry 
associated to the vector space. Therefore (V, +: K) itself will be calied a 
vector space. Note for later use that the admissible operations of nonsimpie 
vector spaces are exactly the affine operations, i.e., mappings of the form 
( ~~,~~,~“,x,)~v+k~x~+k~x~+...+k~x,, with VEV and k1,kZ9~~~? 
k, E K. For a division ring K let F$ consist of all vector spaces (6$ -t, K) 
over R. YE is then called the variety of vector spaces over K. 
The following theorem shows that discrete varieties and varieties of vector 
spaces are essentially the only linear varieties. Similar results have been 
proved on finite algebras having linear congruence class geometries, basing 
on the classification of tinite linear congruence class geometries given in 
[ 1 I], [7] and [8]. In particular, it was proved in [8] that such a nons 
algebra with an essentially binary admissible operation has an 
desarguesian congruence class geometry, i.e., the affine geometry o 
space. For infinite algebras this does, in general, not remain true. 
some partial results have been proved suggesting that very often linearity 
implies the congruence class geometry to be affme and desarguesian in the 
infinite case as well (cf. [IO] and Theorem 21.4 of [ 61). A very far-reaching, 
result in this direction will be proved here. 
2. THE THEOREM 
As usual, two algebras with the same base set are called poly~omi~~zy 
equivalent if they have the same algebraic functions. Note that polynomially 
equivalent algebras have the same congruences and the same congruence 
class geometry. Polynomial equivalence of two varieties Y and V means 
that for each algebra in Y there is a polynomially equivalent one in w, and 
vice versa. 
THEOREM. Let F be a nondiscrete linear variety. Then the ~~~~ow~~~ 
assertions are satisfied. 
(a) There is a division ring K such that T is po~y~omia~ly eq~~va~e~% 
to the variety “rr, of all vector spaces over K. 
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(b) For each (V, F) E Y (F the type of Y) there is a vector space 
(V, +, K) E YK such that the following holds: 
Let t be a term of?” of arity n. Then there are k, , k, ,..., k, E K and for each 
(V, F) E Y there is a v E V such that 
t(xl 9 x2 Y..., x,J = v + k,x, + k,x, + a.. + k,x, 
holds in V. Note that the ki depend only on t, while the v depend also on the 
choice of (V, F) E Y. 
The proof of the Theorem will be completed after several preliminary 
lemmas and propositions. 
3. PRELIMINARY RESULTS 
In this chapter some further definitions are needed. The admissible 
operations of an algebra completely determine its congruences. These 
mappings will henceforth (more geometrically) be denoted dilatations. An 
algebra is called transitive if its nonconstant dilatations operate transitively 
on its base set, and intransitive otherwise. Intransitive algebras with linear 
congruence class geometries have been described by Wille in Satz 4.11(2) of 
[ 131: The nonconstant dilatations of such an algebra form a group in which 
all non-identity elements are fixed point free and of prime order. The base set 
of the algebra is the disjoint union of the sets of transitivity of this group, 
and each such set is of the same cardinality as the group. (See also 
Proposition 1.3.2 of [6].) 
LEMMA 1. Let the 3-generatedfree algebra F, of the linear variety Y be 
transitive. Then all algebras of Y are transitive. 
Proof. Assume (A, F) E Y to be intransitive. One can choose three 
different x, y, z E A with the property that x and y are not in the set of tran- 
sitivity of z: If otherwise, A would contain exactly two sets of transitivity 
each of cardinality 1, hence IA 1 = 2, thus contradicting the intransitivity of 
(4, F), as each 2-element algebra is transitive. Let a, b, c be the free 
generators of F,, and 4: F, +A the homomorphism with $(a) = x, #(b) = y, 
4(c) = z. Linearity of its congruence class geometry implies F, to be regular 
(cf. Satz 4.10 of [13]), i.e., each of its congruence classes determines 
uniquely the congruence relation to which it belongs. As regularity is 
transferred onto homomorphic images, one obtains B := qS(F3) to be a 
regular subalgebra of A. Therefore there exists an element s E B, s # z, with 
(s, z) E OX., 0,. denoting the smallest congruence on B identifying x and y. 
This implies the existence of a nonconstant unary algebraic function f, of 
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(B. F) which maps either x or y onto z (cf. Satz 1.4 of j 13 I). Trivially, J;, is 
the restriction to B of a unary algebraic function f, of (A. F). Thus x4 is a 
nonconstant dilatation of (A, F), contradicting the choice of X, y and z. 
LEMMA 2. Let the countably generated free algebra E,, oj the iinear 
variety 7“ be discrete. Then all algebras of 7“ are discrete. 
Proof. A n-ary operation f is constant if? it satisfies the equation 
f’(x1 , x; . . . . . x,) =f(y,, y, ,..., y,). It is the i-th projection iff it satisfies 
f‘(x, ) XI . . . . . xi ).... x,) = x!. Therefore the property of an algebra to be discrete 
can be described by equations which are valid in each algebra of 7’. if the:/ 
are valid in F,.,. 1 
LEMMA 3. An intransitive algebra in a linear variety is discrete. 
Prooj: Assume (A, F) E 7. to be intransitive and nondiscrete. Then there 
exists a fundamental operation f E F which is neither constant nor a 
projection. Let f be of arity n. W.1.o.g. one can assume that there a.re 
a!. a?..... a “-, E A such that the mapping g: A +A defined by 
g(x) :=f(a,, a,,...,a,-,,x) is neither the identity nor constant. Hence g is a 
nonconstant non-identity dilatation of A. Let A, and A, be two sets of tran- 
sitivity under the group of nonconstant diiatations of (A, F). Let 0 be the 
congruence of (A, F) which has A, as congruence class and ail other 
elements as singletons. and Y the congruence with the two congruence 
classes A 1 and ApI. Then the congruence Y//O of A/O has exactly two 
congruence classes, one of them containing A, as only element. This implies 
A/O to be discrete (cf. Lemma 2.1.3 of j6 J). But this is impossible: Define 
g,:A/O+AjO by g~(lxlo):=f([a,lo,[az10 . . . . . [a,~-!~@?~~~@). The 
restriction of g, to A,/@ is a non-identity permutation. because the 
restriction of g to A, has this property. Therefore A/O is nondiscrete. This 
contradiction proves the lemma. 1 
The lemmas and Satz 4.10 of 1131 yield 
COROLLARY 4. A nondiscrete linear variety is transitive. Hence, it is 
regular. I 
It remains to investigate the transitive case. The next two propositions deal 
with the situation when all algebras arc polynomially equivalent to vector 
spaces. 
PROPOSITION 5. Let K be a division ring, and let each algebra q,f the 
nontrivial variety ‘Y be polynomially equivalent to a vector space over K. 
Then 7 is polynomially equivalent to the variety f“rc of all vector spaces 
over K. 
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Proof Let F be the set of fundamental operation symbols of F. As a 
nontrivial variety, Y contains an algebra with more than one element. By 
taking direct products, one obtains a nonsimple algebra (A, F) of Y with the 
property that its congruence class geometry is, as an affine geometry, of a 
higher dimension than the cardinality of F. Let (A, +, K) be a vector space 
polynomially equivalent to (A, I;). Each f E F is an affme operation of this 
vector space, i.e., there are k{, k{ ,..., kf, E K (n the arity off) and uf E A 
such that the equation f (xl, x2 ,..., x,) = d + k{x, + k{x, + ..a + k{x, is 
satisfied. Let B be the vector subspace of A generated by {af 1 f E F]. B is a 
proper subspace, because it has dimension < j FI. Therefore there exists a 
vector subspace C of A of codimension 1 with C2 B. Denote by 0 the 
congruence of A with C as a congruence class, and let S := A/O. (S, +, K) is 
then a vector space of dimension 1, and each f E F satisfies on S 
f(x19x *,..., x,J = k{x, + k{x, + a.. + kfnx,. As a consequence, each sub- 
algebra of a direct product of (S, +, K) is also a subalgebra of the 
corresponding direct product of (S, F). This information is sufficient to 
complete the proof of the proposition: The subdirectly irreducible vector 
space (S, +, K) generates YK, as each algebra of YK can be obtained as the 
homomorphic image of a subalgebra of a direct product of (S, +, K). The 
analogous procedures applied on (S, F) generate for each (V, +, K) E YK a 
polynomially equivalent (V, F) E Y. 1 
PROPOSITION 6. Let each nonsimple algebra of the nontrivial variety Y 
be polynomially equivalent to a vector space. Then there is a division ring K 
such that each algebra of 7 is polynomially equivalent to a vector space 
over K. In particular, the terms of Y satisfy the assertions of part (b) of the 
Theorem. 
Proof Let F be the set of fundamental operation symbols of Y. Choose 
a nonsimple algebra (A, F) E Y. Let the vector space (A, +, K) over the 
division ring K be polynomially equivalent to (A, F). Denote the zero 
element of this vector space by 0,) and keep (A, F) and (A, +, K) fixed 
throughout this proof. It will be shown that each algebra of F is 
polynomially equivalent to a vector space over K. Let (V, F) E 7’“, and 
choose some 0, E V. Consider the direct product (I’ X A, F) which is 
polynomially equivalent to a vector space (V x A, +, K’) for some division 
ring K’. One can assume (Or,, 0,) to be the zero element of this vector space. 
Let t be a term of Y of arity n. As V X A is the direct sum of its vector 
subspaces VX {O,} and {O,} X A, there are v E V, a E A and 
ml, m,,..., m, E K’ such that (t(xl, x2,..., x,1, t(ul, y2 ,..., Y,)) = $(x1, y1 j, 
(x2, Ye),..., (x,, Y,>) = (v, a> + ml(xlT Y1) + m2(x2, y2) + -a- + mn(xn, Y,> = 
(v+m,x,+m,x,+.-- + mnx,, a + mlYl + m2y2 + a-- + mnyn) for all 
x1,x2,.*,x, E ~,Yl,Y2,..., yn E A. This proves each of (V X A, F), (V, F) and 
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(A, F) to be polynomially equivalent to a vector space over the smallest 
division ring containing all coefficients mi of all terms t of F, hence over 
K’. The congruence class geometry of (A, F) is therefore sim~ltaneonsly an 
affine desarguesian geometry over K and K’. Thus K and K’ are isomor 
division rings, and all vector spaces over K’ can be regarded as vector 
spaces over K. In particular, the arbitrarily chosen algebra (Vt F) is 
polynomially equivalent to a vector space over K. 
Now start from the vector space (A, f, K) from above in order to (i-e-) 
define on V the scalar multiplication by elements of R: Choose some 
y0 E A\{O,} and let k E K. For each x E V define kx E V to be the unique 
element with the property that, in the affine desarguesian geometry on 
V x A, the line through (kx, 0,) and (0,, ky,) is parallel to the line 
(x, 0,) and (0,, yJ. Thus one obtains a vector space structure over 
with the following property: The above %erm t satisfies 
v+k,x,+k*.q+‘. + k,x, in V for some k,, k2,..., k, 
satisfies t(yl, y2,..., y,) = a + k,y, + k,y, + ~‘. + k,y, for 
In other words, the coefficients ki of term are independent from the choice 
of the algebra in which it operates. 
4. PROOF OF THE THEOREM 
Assume the variety 7 to be nondiscrete and linear. Because of 
Propositions 5 and 6 it remains to show that each nonsimple algebra of Y is 
polynomially equivalent to a vector space. By Corollary 4, Y is regular. 
Therefore each algebra of Y has a modular congruence lattice (cf. 
Theorem 7 of Hagemann [4]). Each such congruence lattice is atomistic: 
Every congruence of any algebra is the join of principal congruences which, 
in the linear case, are exactly the atoms of the congruence lattice. Fro 
Theorem 4.1 of [2] a modular, atomistic and upper continuous lattice is 
complemented. Thus every algebra of Y has a complemented modular 
congruence lattice (note that congruence lattices are always up 
continuous). Therefore the Proposition of Herrmann [5] can be applied, 
stating that in a variety with this property each algebra is polynom~a~l 
equivalent to a module over a ring. Let (V, F) E Y be ~onsim~le an 
polynomially equivalent to a module over a ring can assum 
operate faithfully on V, by identifying different e of the ring 
induce the same action on V. Moreover, R is a unitary ring, as the identity is 
a unary algebraic function in each algebra. Let I be the unit and 0 
of R, and denote the zero element of the module by 0,. In order to 
the proof, it is sufficient to show that each nonzero elemen% of 
multiplicative inverse. Let r E R\{O} and choose an element v E V, u f O,, 
with r~ # ZJ. The properly l-generated submodules of V are lines in 0~ 
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congruence class geometry of the module. Therefore two of them never 
contain each other properly. R thus operates irreducibly on each such 
submodule. In particular, there is a s E R with (s . T) u = ZJ. The dilatation of 
(V, F) defined by x t-+ (s - r) x fixes 0, and v. Each dilatation in a nonsimple 
algebra with linear congruence class geometry is uniquely determined by the 
images of any two points (cf. Hilfssatz 4.6 in [ 131). Thus s . r induces the 
identity on V, whence s - r = 1. i 
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